
 

 

GENERATION AND PROPAGATION OF HIGH-ORDER 
BESSEL VORTICES IN LINEAR AND NON-LINEAR 

CRYSTALS 
 

Vladimir N. Belyi1, Nikolai A. Khilo1, Andrew Forbes2,3 , Anatol A. Ryzhevich1 
 

1B.I. Stepanov Institute of Physics, NASB, 68, Nezavisimosti ave., 220072 Minsk, Belarus 
2CSIR National Laser Centre, PO Box 395, Pretoria 0001, South Africa 

3School of Physics, University of KwaZulu-Natal, Private Bag X54001, Durban 4000, South Africa 
 

ABSTRACT 
Linear and nonlinear processes of transferring optical singularities from anisotropic crystals onto the wavefront 

of Bessel light beams (BLBs) are investigated. The generation of high-order vortices at the propagation of BLBs along 
the optical axes of crystals was studied. Particularly, a nonlinear frequency doubling of Bessel vortices in the conditions 
of new type synchronism (full conical phase-matching) is considered. This scheme of three-wave interactions of BLBs 
based on that the spatial frequency cones of BLBs coincide with phase-matching cones of uniaxial crystals. New type of 
frequency doubling of Bessel vortices has been experimentally realized in uniaxial crystals. 
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1 INTRODUCTION 
 

 The most important BLBs property is the presence of screw dislocations of their wave front (Bessel vortices). 
Such dislocations are connected with the existence of orbital angular momentum of beam depending on the order of 
Bessel functions that describe electrical and magnetic BLB field [1-4]. The investigations of fields with orbital angular 
momentum are both of physical and applied interest. Particularly, in the latest years the phenomenon is studied of 
microparticles rotation by the mentioned beams and the possibilities are discussed of its application in optical tweezers 
[5-6]. 
 Vortex Bessel beams are usually obtained using special holograms [7, 8]. There is also simple method of 
generation of vortex Bessel beams of the first and second orders, based on application of uniaxial [9] or biaxial [10] 
crystals. Here it is necessary that Bessel beams of the given polarization were propagated along optical axis of crystal. 
The peculiarity of beams obtained by such a method is rather low level of noises induced by the crystalline transformer. 
Consequently, crystal based generators of vortex beam can be interesting for observation of fine physical effects and also 
for some specific applications, for example, in metrology. 
 For obtaining BLB of higher orders with the use of crystals it is possible to apply the method of cascade increase 
of order due to repeated transmission of beam through the transformer. The other approach is based on the use of non-
linear (NL) processes, particularly, generation of harmonics and frequencies mixing. 
 But for realization of this approach, traditional geometry of frequency generation in crystals, which is applied for 
plane waves or Gaussian beams, can not be used here. In the present paper, axially symmetrical geometry of NL 
interactions in anisotropic crystals is investigated. This geometry is optimal as applied to Bessel beams having large cone 
angles. 
 

2 QUALITATIVE METHOD DESCRIPTION 
 

 The peculiarity of using Bessel light beams for generation of the second harmonic consists, as is known, of 
necessity of fulfillment the conditions of transverse as well as longitudinal synchronisms (phase-matching) [11, 12]. In a 
case when BLB propagates along the direction of phase-matching for plane waves or Gaussian-type beams, the 
simultaneous fulfillment of these conditions, strictly speaking, is unrealizable. The reason for this is the presence of cone 
of wave vectors, angle at the vertex of which can be larger than angular width of phase-matching. The result of this is the 
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breaking of azimuthal symmetry of NL interaction and, as a consequence, intensity distribution of the second harmonic 
field. At that asymmetry strengthens when increasing cone angle. 
 There exists a simple way of achieving azimuthally symmetrical generation of the second harmonic (SHG) by 
Bessel beams. For this, it is necessary to go over to the geometry of interaction, where the direction of phase velocity of 
incident BLB coincides with the optical axis of crystal (see Fig.1). In addition, it is necessary to have the equality of 
BLB cone angle γ and cone angle sθ  of phase-matching direction in uniaxial crystal. 
 In the scheme shown in Fig.1 the process of оо-е type SHG takes place due to collinear interaction, which applied 

to BLB has, as is known, high efficiency [13]. The generation of harmonic is fulfilled in conditions of longitudinal 
synchronism simultaneously along all azimuths within the region of (0÷2π). Due to axial symmetry of interaction the 
second harmonic field is also Bessel beam with the same cone angle θs that provides maximum of overlap integral with 
BLB of fundamental frequency [11]. Note that the analysis of oe-e type interaction is fully analogical. 
 

3 THEORETICAL ANALYSIS OF A SCHEME. CRYSTALS OF HEXAGONAL SYMMETRY 
 

 As Fig. 1 shows the peculiarity of full azimuth SHG is the necessity of using BLB with rather large cone angle. 
For example, for crystal of BBO, the angle is equal to approximately 23deg for radiation with λ = 1.06 mkm. That is why 
for correct calculation of the SGH process it is necessary to perform full vectorial analysis. 
 Optimal conditions are realized for generation of high order Bessel vortices at SHG, when circularly polarized 
Bessel beam incidences on crystal. From the Maxwell equations it follows, that transverse component of electrical field 
for such beams can be found in form )exp()(),,( 0 zikqJz zi ρ=ϕρ +⊥ eE . Here and further the following designations are 

used: Jm(qρ) is m-order Bessel function of first type, )cos(0 γnkkz = , (ρ, ϕ, z) are cylindrical coordinates, е±  are unit 
vectors of right and left circular polarization. 
 From boundary conditions it follows that the incident beam excites in the crystal of TE- and TH-polarized BLBs 
(further are marked by indices “o” and “e”, correspondingly) with the same power on its entrance. The transverse 
components 0⊥E  and eE⊥ of the electric field for these beams are given by the following expressions: 
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Figure 1: Geometry of SHG when wave vectors cone of Bessel beam at fundamental )(ρωBs  and second 

harmonic frequencies )(2 ρωBs  coincides with phase-matching cone of uniaxial crystal. 
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is normalization multiplier, R is beam radius. Here longitudinal components 0, =zoE , 
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It should be noted that ТН- and ТЕ-waves in crystal contain the component with azimuthal dependence )2exp( ϕi , 

while in incident beam it is absent.  
Using Eq. (1) there has been made the calculation of vector of non-linear polarization P2 at the double frequency for 

oo-e type of synchronism for hexagonal symmetry crystals of С6 point group 
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As is seen from Eq. (2), going over to vector BLBs additionally involves in the SHG process the component of non-
linear dielectric susceptibility d15. Its appearance is determined by nonzero azimuthal component of electric field of TH 
Bessel beam. Note that this component is absent in extraordinary plane wave. This peculiarity of vector BLB opens, 
principally, the perspective of increasing the efficiency of three-wave interaction due to use of maximal values of NL 
coefficients. 

Based on the form of NL polarization (2), spatial structure can be specified of generated TH-beam of second 
harmonic. In common case the solution of Maxwell equation for e-wave in crystal can be written as 

 

1 1cos( )( ( )exp[ ( 1) ] ( )exp[ ( 1) ] )e m e e m mi A J q i m J q i mγ ρ ϕ ρ ϕ− + + −= − − +E e e . (3) 

 
The comparison of Eqs. (2) and (3) gives that the coincidence of their azimuthal dependence takes place at m = 2. 
Consequently, the second harmonic field can be represented as 
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Here the function А2(z) is described by the following equation for slowly varying amplitudes 
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The peculiarity of the SHG process with the participation of vector Bessel beams is relatively complex structure of 
overlap integrals that determine so called transverse phase-matching of interaction beams. In the examined case overlap 
integrals are described by the following expressions: 
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As is seen from the subintegral expressions in (6), the overlap integrals g011(q2) and g123(q2) are responsible for 
generation of J1 and J3 component of a beam of double frequency correspondingly by J0 and J1components, and also J1 
and J2 of the field at the fundamental frequency. Numerical simulation of integrals (6) shows that they have the typical 
maximum at q1+ q2 = q3, which value coincides approximately with the corresponding value for interaction of beams of 
zeroth-order [14]. Note that the above relation between transverse wave numbers q1+ q2 = q3 indicates to collinear type of 
synchronism for plane-wave component of Bessel beams (see also Fig.1). 

From the comparison of the field incident on NL crystal and the second harmonic field it follows that in this NL 
process there occurs the transformation of Bessel function order (see Fig.2). 
 Thus, in crystals of the С6 class symmetry at oe-e interaction there takes place the following transformation of 
order of Bessel beam (or generation of high-order Bessel vortices) 
 

−++ ϕω+ϕω→ω eee )3exp()2()exp()2()( 310 iJiJJ  
 
 Let us further consider the interaction of oo-e type. The calculation of NL polarization at the double frequency 
gives p2x = 0, p2y = 0. Longitudinal component is non-zero and equals to  
 

2
2 15 1 0 1 2 14 ( ) ( )exp[2 ]exp[2 ]z o zp d A J q J q i i k zρ ρ ϕ= − .  

 
It is necessary to point out that this component of NL polarization is absent in a case of plane waves, and its appearance 
is determined by the difference of polarization of ordinary and extraordinary plane waves and TE- TH-  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
polarized BLBs. From the known NL polarization one can find the longitudinal component of generated field of second 
harmonic )2exp()(~ 222 ϕρ iqJE z . The transverse component is obtained from the solution of the Maxwell equations and 

Optical 
axis 

C6 

J0(ω)e+ J1(2ω)e+ J3(2ω)e- 

z 

Incident Bessel beam Two Bessel beams of 
double frequency 

Figure 2. Transformation of the order of Bessel function at oe-e interaction of vector Bessel beams in
uniaxial crystal of С6-symmetry.  
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coincides with Eq. (4). Consequently, in the examined process of frequency doubling there occurs the transformation of 
the Bessel function order shown in Fig.2. 

 
4 SHG IN TRIGONAL CRYSTALS 

 
The non-linear polarization vector on double-frequency for о-ее synchronism in crystals of symmetry 3m point 

group can be represented in the following form  
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From (7) it is found that the second harmonic field is the superposition of two component 
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As is seen there are two channels (Fig. 3) in second harmonic radiation: one contains left-circularly polarized 

SH field, the other contains right-circularly-polarized SH field. Using Eqs. (7)-(8) it is feasible to obtain equations for 
slowly varying amplitudes in a usual way and to calculate the overlap integrals. But yet from the kind of solution of Eq. 
(8) it follows that oe-e type of interaction in crystals 3m is accompanied by rich set of transformations of Bessel function 
order. Namely, right-circular polarized zeroth-order BLB generates the superposition of Bessel vortices of first and 

z Optical 
axis 

C3m 

J0(ω)e+ {J0(2ω),J3(2ω)}e– 

Incident Bessel beam {J1(2ω),J4(2ω)}e+ 

Figure 3. Superposition of 4 BLBs of different orders generated by 
circularly polarized BLB of zeroth order  
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fourth orders with polarization orthogonal to the incident ones. Moreover, additional third order Bessel vortex generates 
with the polarization coincident of incident beam (see Fig.3).  

The investigation of amplitude-phase structure of the generated BLB superposition is of great interest. In 
accordance with Eqs. (9) and (10) the second harmonic intensity is azimuthally inhomogeneous and governs by the 
equation 
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0 ϕ+++++ϕ xJxJxJxJxJxJxJxJxI ,             (11) 

 
where ρ= 2qx . 

Interference pictures produced by second harmonic radiation and spherical reference wave are shown in Figs. 4, 
5. 

As is seen in the field depicted on Fig. 4a, vortex is localized in narrow central area. In a case of interference 
with BLB of third order (Fig. 4c), with BLB of first order (Fig. 5a) and the fourth order (Fig. 5b) it is observed helical 
structure with additional modulation. Here the axial vortex is shifted from the beam. In the vicinity of axis there appears 
m vortex, where m is the order of BLB. The occurrence of BLB of zeroth order with the maximum in the center in Eq. 
(10) suppresses local minimum of intensity in the beam center (Fig. 4d). Mutual influence of vortices of first and fourth 
order in Eq. (9) (Fig. 5c) destroys the helical picture (Fig. 5b). The resulting intensity of field of second harmonic is 
characterized by azimuthal modulation of third order and absence of intensity nulls. 

 

 
a) 

 
b) 

 
c) 

 
d) 

Figure 4. Spatial structure of the left-polarized component of the second-harmonic vortex field revealed at 
interference with spherical reference wave. a) – interference with the field exp(3iϕ), b) – with zeroth-order 
BLB in (9), с) – with the third-order BLB in (9), d) - with total field (9).  

 

 
a) 

 
b) 

 
c) 

 
d) 

Figure 5. Spatial structure of the right-polarized component of the second-harmonic vortex field revealed at 
interference with spherical reference wave. a) – interference with the first-order BLB, b) – with fourth-order 
BLB in (10), с) – with the total field in (10), d) – spatial distribution of the intensity of the second harmonic 
field (8).  

 
5 EXPERIMENT 

 
 For experimental realization of full azimuthal synchronism the BBO crystal was chosen. This is uniaxial crystal 
of 3m point group symmetry and phase-matching angle of θs = 22.8 deg for λ =1064 nm. The crystal was cut 
perpendicular to the optical axis and has the thickness of 5 mm. Angular width of synchronism δθs was equal to 
0.51mrad that practically excludes the possibility of SHG realization in traditional scheme, when Bessel beam 
propagates along the synchronism direction. 
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For formation of BLB at fundamental frequency with necessary cone angle in air � = 39.9° there was used 

refractive axicon with the base angle of 5 deg and specially manufactured conical mirror for increasing cone angle up to 
necessary value (Fig. 6a). It should be noted that for obtaining BLB with large cone angles it is perspective the 
application of reflective axicons in combination with conical mirror (Fig. 6 b). 

Radiation from a 1.064 μm Nd: YAG laser is a Gaussian beam with angular divergence of θ ≈ 0.8 mrad, pulse 
duration of 50 ns, and energy of 20 mJ. 
 Fig. 7b shows the experimentally registered intensity distribution of the second harmonic in far zone of radiation 
obtained with the application of optical Fourier transformation. For comparison, Fig. 7a shows the Fourier-spectrum field 

),( ϕρE described by Eq. (8). The key feature of the order of generated Bessel function is seen to be the number of lobes 
in the intensity distribution that proves the calculation made before. 
 

 a)  b) 

Figure 7. Far-field intensity 
distribution of second harmonic 
generated in BBO crystal: a) – 
calculation, b) – experiment. 

 
 

6 CONCLUSIONS 
 

Nonlinear processes of transferring optical singularities from anisotropic crystals onto the wavefront of Bessel 
light beams (BLB) are investigated, with particular reference to the generation of high-order vortices in Bessel beams. 

It has been considered frequency doubling of Bessel vortices in the new condition of full conical phase 
matching. This scheme of three-wave interactions of quasi-nondiffractive Bessel light beams is based on the property 
that the spatial frequency cones of Bessel beams may be made to coincide with the phase-matching cones of uniaxial 
crystals. Also this scheme allows putting into practice nonlinear frequency transformation of Bessel beams having a cone 
angle of several tens of degrees. Peculiarities of frequency doubling of Bessel vortices in the conditions of full cоnical 
phase-matching have been investigated for uniaxial crystals of hexagonal and trigonal symmetry. This new type of 
frequency doubling of Bessel vortices has been experimentally realized in uniaxial crystal BBO when the incident zero-
order Bessel light beams at fundamental frequency is directed along the optic axis of crystal and its cone angle is equal to 
the phase-matching angle. 
 The investigated in the paper SHG process by Bessel beams in conditions of full azimuthal synchronism allows 
one to generate Bessel beams of various orders (Bessel vortices) and their linear superpositions. The transformation of 

Figure 6. Variants of experimental scheme: Ax – axicon (refractive (a) and
reflective (b)), CM – conical mirror, NLC – nonlinear crystal (BBO). 

a) 

CM Ax NL

b) 

Ax

CM

NL
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Bessel beam order at frequency doubling is the result of taking into account all plane wave components of vector BLBs, 
which, in common case, are described by different Bessel functions. Here the selection of field structure of second 
harmonic is realized by means of mechanism of transverse synchronism, while longitudinal synchronism in the scheme 
under study does not depend on azimuthal angle. The examined in the paper particular cases of hexagonal and trigonal 
symmetry crystals (С6 and 3m point group) differ by axial symmetry of the effective nonlinear dielectric susceptibility 
(deff – coefficient). In common case there is azimuthal dependence of SHG efficiency, when deff = deff (ϕ). The result of 
this would be additional azimuthal modulation of the second harmonic field and novel possibilities of transformation of 
Bessel vortices. 
 The advantage of axial-symmetrical scheme is the absence of walk-off effect and caused by them distortion of 
second harmonic intensity distribution. Consequently, such crystal-based transformers of Bessel beam order, like linear 
analogues, would be characterized by high quality of output optical signal. 

It is necessary to notice that the generated vector Bessel beams are characterized by rather small-scale ring 
structure. Thus in the described before experiment the diameter of main maximum of BLB of zeroth order is equal to 
0.58 mkm, and the diameter of dark axial field for BLB of first order is equal to 0.93 mkm. Such beams can be 
interesting for application in microscopy and for creation of optical tweezers. 
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