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A Viscoplastic Discontinuum Model of 
Time-dependent Fracture and 
Seismicity Effects in Brittle Rock 
J. A. L. NAPIER? 
D. F. MALANt 

A model is proposed for the direct mechanistic simulation of seismic activity 
and stress transfer efects in deep level mines. The model uses a discontinuum 
viscoplastic formulation to relate the rate of slip on a crack to the shear stress 
acting on the crack. A procedure is outlinedfor the solution of a collection of 
interacting cracks in a series of time steps and for the computatin of energy 
changes in the crack assembly during each time step. Elastodynamlc effects are 
not considered. In spite of the simplicity of the proposed slip law, it is shown 
that complex material behaviour can occur if the model is appltid in a random 
assembly of cracks. A particular demonstration is given of the simdation of 
primary, secondary and tertiary creep phases in a u&axially compressed 
sample containing an initial population of weak flaws. The model is next 
applied to the simulation of face advance steps in a deep level gold mine 
excavation and is shown to give favourable agreement between observed seismic 
activity and the length of fractures mobilized in a random mesh of cracks 
around the opening. The modelled closure between the excavation roof aed 
floor, as a function of time, is also shown to be quantitatively similar to the 
observed field movements. A final example is given of the mining of a 
parallel-sided excavation at diflerent rates which illustrates the tradeofl 
between high face advance and high seismic activity and low face aduance 
but potentially greater damage in the rock near the stope. 0 1997 Elsevier 
Science Ltd 

INTRODUCTION 

The link between seismic activity and mining operations 
in deep level mines has been well established [l]. Elastic 
models of tabular mining operations have been used to 
delineate regions of potential seismic activity in terms of 
the implied stress drop on geological weaknesses near the 
edges of mine excavations [2,3]. Further extensions to 
this approach were proposed by Spottiswoode [4] in 
terms of the direct modelling of volumetric deformation 
processes around tabular excavations. More recently, 
Salamon [A has stressed the necessity to quantify the 
relatioIIsbig between mining activity and induced 

on [5] has proposed a novel procedure 
relationship by postulating the existence 

of pop&&ions of ra&omly disposed flaw sites 
surroun&g the mine workings. The potential seismic 
stress drop on the flaws is calculated when the mine 

tDiv&n of Mining Technology, CSIR, P.O. Box 91230, Auckland 
Park, 2006, South Africa. 

excavations are enlarged in progressive steps and 
Salamon’s method provides a simulation tool to assess 
the expected seismic activity accomnying each mining 
step. Time-dependent constitutive eff&cts are, however, 
not considered. 

In hard rock mining, carried out in the sedimentary 
deposits of the South African gold fields, it is often 
found that both seismic activity md si 
of the excavation surfaces can arise 
associated only with changes to mining fm positions. 
Time-dependent deformations have been observed over 
periods of hours, days or longer periods [a-8]. Seismic 
activity in highly stressed regions is found, also, to 
migrate spatially, presumably as a result of time-depen- 
dent fracturing and attenbt s%r~ tmnsfer p~oce-sses 
[9, lo]. These effects have been h 
rock mass preconditioning 
activity moves away from 8 
subjected to a preconditioning 
areas that are more highly stressed’ [l 11. The role of 
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time-dependent deformation in relation to the stability discontinuities with gouge infilling may readily “creep” 
of mine workings and the recurrence of seismic activity when shear loading is suddenly applied to the 
has been emphasized by Linkov [12]. In particular, joint [ 181. 
Linkov has noted the importance of creep on The approach presented in this paper sets out to 
discontinuity contacts. This time-dependent behaviour is explore the feasibility of modelling the viscoplastic 
highlighted also by investigators concerned with the behaviour of discontinuities by incorporating a simple 
modelling of earthquake phenomena [13-l 61. time-dependent slip rule on explicit crack interfaces that 

In order to account for time-dependent seismic are represented by small strain dislocations as embod- 
recurrence effects and to link these effects mechanisti- ied in the displacement discontinuity boundary integral 
cally to mining activity, it is necessary to represent in method [19]. This approach facilitates the analysis of 
an explicit manner the rheological deformations that multiple interacting cracks such as joints, parting planes 
take place in the rockmass over periods of hours, days and faults which are characteristic of mining problems. 
or weeks, as well as rapid elastodynamic excitations. It is demonstrated that realistic seismic energy release 
This paper describes a framework for the incorporation and stope closure trends can be simulated using a 
of viscoplastic effects on random discontinuities which random mesh of potential discontinuity sites surround- 
allows for the relaxation of the discontinuities ac- ing a tabular mining excavation. The justification for 
cording to a postulated law. Sudden stress drop or employing a random mesh representation is based on 
“elastodynamic” effects are approximated by allowing some success in modelling physical experiments of 
rapid cohesion loss (softening) to be accommodated in brittle rock failure [20], as well as the realistic 

the solution scheme, but no attempt was made to replication of fracture patterns near mine openings [21]. 

include elastodynamic wave propagation effects in the In the present paper specific geological structures such 

current study. The most important aspect of the work as faults or parting planes are not considered. The 

is that explicit interaction between the mine openings approach used to estimate seismic energy release levels 

and mobilized discontinuities is accounted for as an is described and the application of the model is 

evolutionary time process. This allows realistic ques- illustrated by comparing simulated seismic energy 

tions concerning practical mining problems to be release trends and stope closures to actual observations. 

addressed. Specifically, it becomes possible to investi- The potential of the model to examine the effect of 

gate problems such as the consequences of varying the varying the mining face advance rate is illustrated. 

mining face advance rate, the effects of mining at 
Although a simple time-dependent slip rule is used, it 

greater depths, the desirability of continuous or 
can easily be adapted within the developed framework 

punctuated mining cycles and questions relating to the 
to simulate behaviour appropriate to different disconti- 

rate of extraction of remnant areas and the expected 
nuity types. 

recurrence of rockbursts and seismic energy release 
cycles. 

A variety of discontinuity structures are present in the VISCOPLASTIC DISPLACEMENT DISCONTINUITY 
vicinity of deep level South African gold mines. These MODEL FORMULATION 
depend generally on the geological formation of the reef 
horizon that is extracted and may also be induced by 

In previous work, carried out by Crawford and 

blasting operations which form part of the mining cycle. 
Curran [22], the displacement discontinuity method was 

In the case of sedimentary reef deposits, such as the 
employed in conjunction with the correspondence 

Carbon Leader and Vaal Reef, it is often found that 
principle to analyse viscoelastic intact rock behaviour 

parting planes parallel to the reef horizon are readily 
with inelastic joints or elastic intact rock with 

mobilized by the mining operations [17]. In some cases 
viscoelastic joints. Malan [8] also analysed time 

the parting planes contain pre-existing gouge material 
dependent stope closure using an analytical model of a 

which facilitates slip on the discontinuities [18]. It is also 
tabular opening in a viscoelastic medium. In the present 

found that other gold bearing reefs, such as the 
development, it is postulated that the intact rock 

Ventersdorp Contact reef, are overlain by lava deposits 
material behaves in an essentially elastic manner and 
that all inelastic behaviour, including viscoplastic effects, 

which contain multiple joint structures which show is controlled by the presence of multiple interacting 
less propensity for movement. Pre-existing fault struc- discontinuities. In this approach, explicit slip is modelled 
tures are also encountered which behave differently in as a time-dependent (but not elastodynamic) process and 
response to stress changes induced by mining operations. progressive redistribution of stress can occur near the 
In some cases fault exposures have been observed to be edges of mine openings both as a function of time and 
continually mobilized [lo] but in other cases sudden slip in response to changes to the size of the openings. 
occurs resulting in large scale damage to underground To make the analysis explicit, suppose that the 
excavations. Little data are currently available to problem region of interest is covered by a specified mesh 
characterize the manifold properties of these disconti- of potential crack surfaces Sd and assume that each arc 
nuities. Experimental work currently underway suggests of the mesh is a straight line segment that is divided into 
that mining induced extension fractures and joints in one or more elements. It is assumed that the 
lava may exhibit very long relaxation times, whereas displacement vector may be discontinuous at any point 



NAPIER and MALAN: A MODEL OF FRACTURE AND SEISMICITY EFFECTS IN BRITTLE ROCK 1077 

Q of the surface &. The displacement discontinuity it is convenient to define the total external stress 
vector o,(Q) at point Q is defined to be vector by 

D,(Q) = u; <Q> - u+ (Q> (1) 

where u;(Q) and u:(Q) represent the displacement 
vectors on the “negative” and “positive” sides of the 
surface Sd with respect to a defined normal ni(Q) at point 
Q . The displacement and stress influence of each element 
can be defined as described in Appendix A [19]. In the 
following development it is convenient to consider the 
stress values that arise at a given point within an element 
of length 26 which is centred on the y-axis of a local 
co-ordinate system y-z as shown in Fig. 1. In this 
system, the x-axis is assumed to be the direction of plane 
strain. Assuming that the displacement discontinuity 
varies linearly over the element of length 2b (Fig. l), the 
local displacement discontinuity vector components can 
be expressed as 

Substituting equation (6) into equation (3) and assuming 
implicit reference to a particular collocation point, 
equation (3) becomes 

(7) 

or 

T = (&/b)D + E. (8) 

Solution procedure 

Di(fj> = cli + j?iq (2) 

where i = y or z and ai and fli are constants. 
The linear variation shape is more accurate than 

constant variation displacement discontinuities (221 and 
also allows direct estimates of crack-parallel stresses to 
be made without requiring numerical differentiation of 
adjacent element discontinuity values. 

Let the shear and normal stress tractions at a 
designated collocation point, y = c, within a given 
element, be written in the form 

The determination of Dy and D; will depend on the 
nature of the boundary condition imposed on each 
displacement discontinuity element. In this paper it is 
assumed that all elements are designated as “elastic” or 
“viscoplastic”. 

Let L designate the total set of defined elements. At 
each specific instance in time, t, (i = 1,2, . . . , N), M, 
represents the set of mobilized elements and n;i, is the 
complementary set of elements which have not been 
activated. Hence, 

where E; and E: represent the total shear and normal 
stress tractions, at the designated point, due to primitive 
stresses and due to the stress induced by all other 
mobilized displacement discontinuity elements. 

The values of Ko and & depend on the collocation 
factor cr = c/b and can be deduced from equations (AS), 
(A6) and (A7) with y = c and z = 0 (Appendix A). 

G 2 
K” = 4n(l - v) [ 

4 
1 - c: + 2cr hog z ( )I (4) 

f 

R= -4$- v) [& l%(+J. (5) 

In cases of frictional sliding or creep relaxation, 

Fig. 1. Local co-ordinate system defining a plane strain displacement 
discontinuity element of length 26 and having two collocation points 

located at y = fc. 

L=Mi V l@i. (9) 

The set of active elements Mi arising at time t,, will 
comprise a subset Ei of elastic elements and a subset V; 
of viscoplastic elements. The classification of each 
element depends on the constitutive boundary con- 
ditions that are defined for the element as well as special 
rules which can be specified to control the transition of 
an element from “elastic” to “viscoplastic” status or vice 
versa. For example, a viscoplastic element may become 
elastic if it is subjected to a tensile stress component that 
causes the crack to open. Ei and Vi are non-intersecting 
sets and 

Mi=E/U Vi. (10) 

The complete solution to the problem is defined by the 
displacement discontinuity values that are associated 
with each element in the sequence of sets M, . . . iWN that 
arise at the designated times tl . . . tw, respectively. The 
displacement discontinuity values are determined in an 
evolutionary manner from time step to time step. At the 
start of time step i, elements are selected for mobilization 
from the set Il;ii - t by computing the stress values at each 
collocation point in each element. Assuming that 
compressive stresses are negative, the element will be 
selected for mobilization if the stress state T at either 
collocation point falls on or outside the bilinear 
Mohr-Coulomb envelope shown in Fig. 2. 

In Fig. 2, SL and 4 ’ designate the unmobilized values 
of the cohesion and friction angle, respectively, and S, 
and d designate the residual mobilized values. T,. 



1078 NAPIER and MALAN: A MODEL OF FRACTURE AND SEISMICITY EFFECTS IN BRITTLE ROCK 

Fig. 2. MohrCoulomb diagram illustrating the selection of elements 
for mobilization. 

designates the tensile strength of the element and is 
assumed to fall to zero if failure occurs. 

The evolution of the solution proceeds in the 
following steps. 

(i) At the start of time step i (time ti-1) select all 
elements in ai- 1 which can be mobilized. The selected 
elastic elements are designated as &-, and the selected 
viscoplastic elements are designated as vi- 1 

(ii) Form the provisional sets of elastic, $, and 
viscoplastic, Vi:., elements for step i from the relations 

Pii= Vi-1 U Pi-1 (12) 

(iii) Solve for the mutual interactions in set ,!?i, using 
fixed external influences from the set I?, by iteratively 
adjusting the discontinuity values of &. 

(iv) Apply a viscoplastic relaxation step to adjust the 
discontinuity at every collocation point in the set of 
elements Vi. 

(v) Form the final sets Ei and Vi for time step i by 
checking for a change in status of each element in E/ and 
Vi which results from the adjusted displacement 
discontinuity values determined in steps (iii) and (iv). 

(vi) Return to step (i) for the next time step. 

The iterative solution in step (iii) proceeds by 
computing external stress values &,., Ez at each 
collocation point and then accelerating these values. For 
simple Jacobi iteration, this procedure is as follows [23]. 

Let flk - ‘) and Zk - ‘) represent external influences used 
in the k’- 1”’ iteraiion. Current estimates of &) and &’ 
are determined from the discontinuity values existing at 
the end of the k - 1”’ iteration. New estimates of @) and 
@) for the current step are determined from 

where the multiplier o is a defined relaxation factor. The 
residual error of the estimates is given by 

(14) 

Current estimates of 4:“’ and 0”’ are determined from 
specific boundary conditions imposed at the collocation 
point. For example, for an open crack or for the case of 
a tabular mine opening approximated as an open crack, 
tractions defined by equation (7) should be zero and 
therefore, 

Once a discontinuity is mobilized it is assumed that 
the tensile strength is zero. Hence, in the case of 
sliding friction contact it is required that 

IT,]=&-tan#Z; T:<O. (16) 

Define a slip direction indicator, e, to be such that e = 1 
if E, < 0 and e = - 1 if Ey > 0 then 

IT,1 = -eT,. (17) 

For a sliding crack it is assumed that the discontinuity 
opening displacement is given by 

D, = -tan #ID,1 (18) 

where + is the sliding dilation angle, then the equilibrium 
condition (16) is satisfied if 

D 
Y 

= --WY + e(S, - tan ~#Ez)]b 
&[l + tan 0 tan $1 * (19) 

Other contact conditions, such as cohesion or friction 
weakening expressed as a function of slip D,, or the 
inclusion of discontinuity stiffness values, can be treated 
using a similar formulation to that of equation (7) in 
which the collocation point self-effect and the external 
influence components of stress are decoupled and the 
external influence components are iterated as implied by 
equations (13) and (14). It is also possible to formulate 
more elaborate schemes to improve the iterative 
efficiency. This involves optimizing the choice of o in 
each iteration step by successively approximating the 
nature of the residual error structure [23,24]. 

Viscoplastic relaxation and time step bounds 
In order to resolve the viscopiastic relaxation step (iv) 

above, it is necessary to assume a specific functional 
dependence of the slip rate on the current stress state 
at each collocation point. Each slip element is assumed 
to be in quasi-static equilibrium at each instant in 
time, with the rate of slip being a function of the stress 
state and the resistance to slip. Specifically, define the 
resistance to slip, p, to be given by 

p=S,,-tan4T,; T,<O (20) 

where S, and 4 are the residual cohesion and friction 
angle parameters as shown in Fig. 2. The “excess” 
driving shear stress, rc, is defined to be 

rte = ITIJ - p. (21) 
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Using equations (7) and (17), equation (21) becomes 

ze= -e(+DY+&)-(S.-tan4Tz). (22) 

From the definition of the slip direction indicator 
variable, e, the sign of the rate of change of slip, 
dDY/dt is equal to e. It is now postulated that the 
rate of slip is proportional to the driving shear stress 
zc. Specifically, 

dD, 
dt = e”=e 

where IC is defined to be a parameter playing a similar 
role to the fluidity parameter of classical viscoplasticity 
theory [25]. This parameter will be designated as the 
surface fluidity having units of m/(Pasec). Substitut- 
ing equation (22) into equation (23) and noting that 
e2= 1, 

dD )‘= -K 
dt +D,.+E,+e(S,-tan4T-) . 1 (24) 

In discrete form, 

D.;! x D-:1-’ - rcAt 
[ 

2 D;!-’ + & + e(S, - tan dY’-) 1 (25) 

AW,. = AU+ AWA (30) 

where AU is the change in internal strain energy and 
A WA represents kinetic energy changes and energy 
dissipated by frictional sliding on d&continuities or 
consumed in creating new discontinuity surfaces. 
Consider in particular the transition between two states 
p and t which are associated with equilibrated stress and 
displacement fields r;(Q), 4(Q) and r;(Q), u;(Q), 
respectively, at each point Q of the body. In each case 
the body force field components t;;(Q) remain the same. 
The work done by the loading force is shown in 
Appendix B to be given by 

AWL = AW, + r [T:(Q>WQ> - WQPI<Q>l dSQ 
where JS.3 

At = ti- ti-1. (26) 
where 

The value of the confining stress T, in equations (20) and 
(25) is assumed to be approximately constant over the 
time step At. The functional form of equation (24) is 
essentially equivalent to the relationship proposed by 
Wesson [26]. The cohesion S, and friction angle r#~ can, 
in general, depend on the velocity dD,/dt, the current 
slip Dy and time, t [ 1526,271. In the present study, S, and 
4 are assumed to be constant. Equation (25) can be 
written in the more compact form 

AW, = ; 
s 

[T;‘(Q) - P(Q>lbl<Q> + d(Q)1 d%. 
& 

In equations (31) and (32), repeated subscripts 

AD’!-’ = ercz,At. Y (27) 

Similarly, equation (19), with the dilation angle + 
set to zero, can be written for an incremental change 
in slip as 

AD,. = ez,bl&. (28) 

Due to the discrete nature of the time step in equations 
(25) and (27) it is necessary that the magnitude of the 
change in equation (27) should be less than the 
maximum possible elastic slip relaxation given by (28). 
This implies a bound on the product of the time step At 
and the surface fluidity parameter K such that 

summation over the requisite number of spatial 
components. Sd designates the internal discontinuity 
surfaces and S, designates the external boundary surface 
of the body. c(Q) represents, for time step s, the 
traction vector components at a given point Q of the 
internal or external surface with respect to a normal 
vector ni(Q) as defined in Appendix B. A Wti represents 
the effect of the external surface S, on the incremental 
work of the loading forces. In mining problems S, can 
be considered to comprise both the earth’s surface, 
where the tractions are zero, and a remote surface where 
the tractions are tied (T: = Tj’) or where the 
displacement is zero. In this case A& will be zero. The 
internal surface Sd can include narrow tabular openings 
which are approximated as cracks. 

KAt < b/K,. (29) 

This bound on the time step is analogous to the time step 
bound identified by Cormeau (28) for volumetric 
viscoplastic stress relaxation. It is clearly possible to 
extend the crude time stepping procedure given by 

Equation (31) provides a means for computing the 
incremental loading work which accompanies a tran- 
sition from state p to state t. The crucial assumption is 
now made that the equilibrated states p and t can be 
sufficiently well approximated using the static solution 
procedure outlined in the previous sections. Having 
identified two equilibrium states of the system, it is 
possible to compute the incremental work done by the 

equation (25) to a higher order Runge-Kutta scheme 
with automatic time step selection [29]. 

ESTIMATION OF SEISMIC ENERGY RELEASE 

In the analysis of mining or earthquake problems it is 
convenient to define the gravitational body forces and 
far field tectonic forces as “loading” forces. In the course 
of mining or fault .slip, the earth is deformed and the 
loading forces perform work. Let the incremental work 
done by the loading forces during a given time interval 
be AWL. In the particular case of an elastic body, 
conservation of energy requires that 

(31) 

(32) 

imply 
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loading forces AWL and the change in the strain energy 
AU. Since the two states p and t are computed using a 
quasi-static solution procedure, there will generally be an 
unaccounted gap A WA between AWL and AU. By 
conservation of energy, A WA must be assumed to 
comprise both kinetic energy and other dissipated 
energy. A WA can be loosely termed “released energy”. If 
some estimate can be made of the energy that is 
dissipated by frictional sliding during the transition from 
state p to state t, it is possible to infer the maximum level 
of kinetic energy that could exist in the body during the 
transition. The kinetic energy is itself assumed to be 
dissipated by unspecified material damping and radi- 
ation mechanisms. The validity of this approximation 
rests on the assumption that elastodynamic stress waves 
do not give rise to significant additional fracture 
formation and that there is little “overshoot” in 
computing the final discontinuity values. The difference 
between A W,. and AU in equation (30) then provides a 
measure of the released energy which arises in the 
transition from state p to state t. This difference, A WA, 
is shown in Appendix B to be given by 

AWA = 

- ; 
s 

[T(Q) + Tf<Q>lPl<Q> - P’(Q)1 d&. (33) 
-% 

The level of kinetic or seismic energy, A Ws, that arises 
during the transition from state p to state t can be 
expressed as 

AWs = AW, - AWo (34) 

where A W. is the energy dissipated by frictional sliding 
or by the creation of new fracture surfaces. In the specific 
examples considered in this paper, it is assumed that in 
local discontinuity co-ordinates (Fig. 1) the dissipated 
energy is predominantly frictional and is given by 

Js, 

where T: is the local stress component normal to the 
discontinuity surface &. 

Equations (33) and (35) can be evaluated at each time 
step i by associating state p with the set of elements i’% - I 
mobilized at li- I and state t with the set of elements Mi 
mobilized at ti. Approximate numerical values of (33) 
and (35) are obtained for each element by using the 
traction and displacement discontinuity vector com- 
ponents at the element collocation points in the 
following discrete sums. 

(36) 

AV;% - g tan q5 c T,(kc)ID;.(kc) - e(kc)( (37) 
k=fl 

where kc is the collocation position in the local 
co-ordinate system defined in Fig. 1 and T.(kc) < 0 for 
compressive stress normal to the element surface. 

EXAMPLES AND APPLICATIONS 

Strain softening and creep acceleration 
It is of interest to consider first the viscoplastic 

response of an isolated straight crack in an infinite 
medium. Suppose that the crack lies on the y-axis of the 
local co-ordinate system shown in Fig. 1. The total shear 
traction Ty acting at position y within the crack is 
obtained by adding the induced shear stress Z&J, 0) 
given by equation (AlO), Appendix A, to the primitive 
far field shear stress component P,,. Specifically, 

T,(Y) = ’ 

b  

471(1 - VI s cp.zz(% O)Wrl) drl + Py (38) 
-b 

where cp(~~, z) = -log[(y - q)’ + z’]. The net driving 
shear stress, z,, acting on the crack is obtained by 
substituting equations (38), (20) and (17) into equation 
(21). This gives 

+ tan c#JT,. (39) 

The slip rate dD,/dt at any point inside the crack is given 
by equation (23). When the crack has ceased to slip, 
dD,/dt = 0 = z,. The solution to equation (39) with 
7e = 0 is given by [30], 

D;(q) = -=$ [e(& - tan q5T,) + P,1,/-. 

(40) 

The slip motion on a single crack can be solved 
numerically, using the scheme corresponding to equation 
(25), for any particular choice of the surface fluidity 
parameter IC. Figure 3 shows the time evolution of the 
normalized maximum slip value at the centre of the 
crack when K is set to 2 x 10m4 m/(MPa*day) and the 
crack is modelled using 20 equal length displacement 
discontinuity elements, with linear variation, described 
previously. The maximum slip values are scaled by 
the maximum asymptotic value D,?(O) given by 
equation (40). 

It is apparent that the simple slip law, represented by 
equation (23), predicts a monotonically decreasing rate 
of slip as the equilibrium condition tc = 0 is approached. 
To replicate the behaviour of granular materials such 
as rock or concrete, suppose that a population of 
pre-existing flaws is represented as a random assembly 
of sliding cracks. If the initial flaw population is 
sufficiently dilute, then cohesionless cracks which are 
suitably oriented can be expected to have a response 
similar to that of the isolated crack shown in Fig. 3, 
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Fig. 3. Maximum slip evolution on a single crack. 

8 

Fig. 4. Random population of sliding flaws. The highlighted flaws are assumed to have no cohesion or tensile strength. 

when a load is suddenly applied to the material. The 
overall deformation of a sample of the material would 
be expected to follow primary creep behaviour [31] until 
sufficient slip on the mobilized flaws causes additional 
fracturing to occur. The progressive mobilization of 
fracturing may then result in a phase of secondary creep 
where the deformation is proportional to the loading 
time. As small fractures coalesce to form larger 
structures, it can be expected that accelerated defor- 
mation will occur leading eventually to a tertiary creep 
phase and collapse of the sample. 

This sequence can, in fact, be reproduced by applying 
equation (23) to the random population of sliding flaws 
displayed in a rectangular region of width L and length 
2L in Fig. 4. Approximately one tenth of the flaws, 
depicted by heavy lines in Fig. 4, are assumed to be 
“weak” and to have no cohesion or tensile strength. 
The remaining flaws are assumed to be “strong” and to 
have a uniform strength. Specific material properties of 
the weak and strong flaws are given in Table 1. The 
flaws in this case were generated using a Delaunay 
tessellation scheme [32] and the flaw size statistics are 

quoted in Table 1 relative to the dimension L of the 
sample. The flaw length frequency histogram is shown 
in Fig. 5. 

It is now assumed that a load of 50 MPa (i.e. 2s;) is 
applied to the left hand side of the sample and that the 
right hand side is rigidly restrained by a frictionless 
platen. It should be noted that the applied load is 
approximately 41% of the uniaxial strength correspond- 
ing to the material properties of the strong flaws 
(Table 1). The fluidity parameter rc is chosen to be 

Table 1. Sample flaw population properties 
Property Weak flaws Strong flaws 
Cohesion, SA (MPa) 0 25 
Friction, 4’ (degrees) 30 45 
Tensile strength, T, (MPa) 0 10 
Mobilized cohesion, S, (MPa) 0 0 
Mobilized friction, Q (degrees) 30 30 
Mean flaw length (normalized) 0.120 0.116 
Standard deviation (normalized) 0.028 0.273 
Minimum length (normaIii) 0.072 0.070 
Maximum length (normalized) 0.178 0.202 
Total length (normalized) 6.352 55.75 
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Fig. 5. Flaw size frequency distribution in rectangular sample loading test. 

2 x 10m5 in an appropriate set of units and the time step 
size is set equal to 0.1 time units. The average strain 
component in the sample, parallel to the applied load, is 
shown as a function of time in Fig. 6 as well as the 
fraction of the total flaw length mobilized at each point 
in time. Before time 5, the strain increased at a 
decreasing rate which is similar to a primary creep phase. 
The length of mobilized flaws is also seen to increase 
slowly during this period. The duration of this period is 
governed by the weak flaw density and by the fluidity IC. 
Between time 5 and 14, the strain rate is observed to 
increase almost linearly with time, corresponding to an 
increased rate of mobilization of flaws. However, the 
rate of change of the flaw length falls off after time 10 
indicating that the deformation occurs mainly by sliding 
on existing flaws between times 10 and 14. A sudden 
jump in the strain rate is observed between times 14 and 
15, and this is followed by a generally accelerated 
deformation rate similar to a tertiary creep phase. The 

relatively abrupt increase in the strain rate between times 
14 and 15 corresponds to an axial crack forming through 
the whole length of the sample as shown in Fig. 7. 
Accelerated flaw length mobilization is observed after 
time 17. 

The example shown here demonstrates that plausible 
material behaviour can be simulated with a simple 
viscoplastic relaxation law. At the same time, the 
assumed material fabric, represented in this case by a 
random mesh of sliding cracks, plays a central role in 
controlling the overall strain response and the detailed 
damage mechanisms. 

Application to deep level mining problems in brittle rock 

The numerical framework outlined in this paper for 
the computation of time-dependent slip relaxation on 
multiple interacting discontinuities is particularly appro- 
priate for the analysis of deep level gold mining prob- 
lems in brittle rock. The following examples will 
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Fig. 6. Response of sample to sudden load. 
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Fig. 7. Formation of axial crack parallel to the loading direction between times 14 and 15. 

therefore concentrate on the mining of narrow tabular 
orebodies found in the South African gold mining 
industry. As mentioned in the Introduction, significant 
time-dependent rock behaviour has been noted in these 
mines by researchers monitoring seismic activity and 
closure behaviour. As a result of this viscous behaviour, 
rockbursts can occur some period after blasting when 
there is no external in&ence which could account for 
changes in stress distribution. A detailed investigation of 
time-dependent rock behaviour is therefore essential for 
a better understanding of deformation mechanisms and 
eventual improvement of safety in the mines. 

In the South African mines the in situ time-dependent 
behaviour is much more significant than the creep 
behaviour of intact laboratory-sized specimens [33]. This 
was also noted by Kranz and Estey [34] who monitored 
the relaxation process in another deep hard rock mine. 
It is therefore generally accepted that the behaviour is 
governed mainly by the time-dependent migration of the 
fracture zone ahead of advancing faces [7l. If the fracture 
zone extension does not occur as fast as the rate of face 
advance, the stress peak will be shifted closer to the face 
increasing the possibility of strain bursting. Observa- 
tional evidence of the time-dependent fracture process 
was obtained by Adams and Jager [35] who investigated 
the extent of the fracture zone that occurs ahead of 
advancing stope faces at the Doornfontein gold mine. 
They found the formation of fractures to be associated 
with the face advance where the majority of new 
fractures form within a relatively short period after 
blasting. The amount of new fracturing taking place then 
diminishes as the face stands. For a face that was not 
mined for a period of 14 days no new fractures could be 
observed. Further evidence of relaxation processes in the 
rock was obtained from seismic data. McGarr [36] 
investigated the dependence of magnitude statistics on 
aseismic rock deformation in the East Rand Proprietary 
Mines. It was found that the level of seismicity is 
determined by the rate of aseismic deformation. That is, 
the time-dependence of the seismicity is the result of 
aseismic deformation that occurs over an extended 
period. It appeared that the rock was undergoing 
logarithmic creep in response to stress changes due to 
either mine face advance or to seismic events. It was 
RMMS 34/7-D 

postulated that the aseismic deformation was due to 
progressive brittle failure as the rock temperature is too 
low to allow for continuum plastic deformation in the 
quartizites. Legge and Spottiswoode [3fl investigated the 
spatial, temporal and energy related aspects of fracturing 
ahead of a stope face with reference to microseismic 
activity. Locations of microseismic events showed the 
region of primary fracturing located 5-10 m ahead of the 
faces. It was found that the total amount of seismic 
energy radiated during a typical face advance increment 
is a small portion of the total energy reIeased on any 
individual day. Most energy is released in a stable 
manner by aseismic processes. 

In order to simulate these processes with the numerical 
procedure developed above, the initial extraction of a 
tabular parallel sided panel is considered. The opening 
is approximated as a crack, with in~~~~~ faces, 
embedded in a random mesh of potential discontirmity 
segments. The strength properties of each segment and 
the statistics of the random mesh are given in Table 2. 
Representative in situ rock properties were used with the 
surface fluidity K determined by back-analysis of the 
measured underground time-dependent closure. The 
opening is created incrementally in a series of mining 
steps [38] and each segment of the random mesh is tested 
for failure at designated time step intervals. The seismic 
energy changes that occur in each time step are 

Table 2. Properties of discontinuity strength and random mesh 
statistics used in the numerical ahnuIations 

Property Mining simulation 
Cohesion, .% (MPa) 
Friction, 4’ (degrees) 
Tensile strength, T, (MPa) 
Mobilized cohesion, S, (MPa) 
Mobilized friction, 4 (degrees) 
Mean segment length (m) 
Standard deviation (m) 
Minimum Segment length (m) 
Maximum segment length (m) 
Total length (m) 
Surface fluidity, K, (MPa-‘.h-‘,rn) 
Time step size, Ar (h) 
Young’s modulus (MPa) 
Poisson’s ratio 
Vertical stress (MPa) 
Horizontal stress (MPa) 

25 
45 

5 
0 

30 
1.119 
0.272 
0.605 
2.073 
2594 

I x 10-J 

7f%l 
d.2 

60 and 100 
30 and 100 
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computed using equations (34) (36) and (37) applied to 
each mobilized element. In this example, no geological 
features such as parting planes, parallel to the tabular 
opening, or faults are considered. The inclusion of these 
features is, however, accommodated directly by the 
solution procedure if necessary. 

An important consequence of the numerical viscoplas- 
tic discontinuity behaviour is that the additional 
fracturing caused by a sudden increase in stress occurs 
in a time-dependent fashion. After a mining increment, 
the existing discontinuities surrounding the stope are 
subjected to an increase in mining induced stress. Those 
discontinuities subjected to stresses above the target 
yield surface, relax causing a transfer of stress to the 
solid rock at the edge of the fracture zone. New frac- 
tures then form in these positions as a time-dependent 
process. For the example above, the increase in 
cumulative fracture length as a function of time after a 
blast is illustrated in Fig. 8. It should be emphasized that 
there are no changes in the excavation dimension during 
this time period. Similarly to Adams and Jager’s [35] 
observations, the majority of new fractures form within 
a short period after the blast and the rate of fracturing 
then diminishes until the next blast. For comparison 
with the numerical results, the cumulative seismicity 
after production blasting at an experimental site in the 
Blyvooruitzicht gold mine is also plotted in Fig. 8 [39]. 
A description of the site can be found in Kullmann et al. 
[40]. It is clear from Fig. 8 that a similar trend is observed 
for the seismicity. Events with magnitude greater than 
- 1.5 were used. The seismicity following 304 pro- 
duction blasts was added, or stacked, for Fig. 8. All 
recorded events within 5 min of the start of the face blast 
were excluded because face blasting took approximately 
5 min and most events within this time appeared to be 
face blasts. 

In the numerical simulation, the time-dependent frac- 
ture process results in stope closure profiles similar to 

that observed underground. Typical numerical and 
experimental closure profiles measured after blasting 
(t = 0) are plotted in Fig. 9. The experimental closure 
data were also obtained form the experimental site at the 
Blyvooruitzicht Gold Mine. It should be emphasized 
that the purpose of the comparison in Fig. 9 is only to 
illustrate the similar trend in the numerical and 
experimental closure behaviour. Leeman [6] found that 
the rate of closure varied greatly from one point to the 
next and was affected by the position of the measuring 
point in relation to the support in the stope. This is 
caused by the discontinuous nature of the fracture zone. 
An exact fit between the numerical solution and 
experimental closure data at a particular point in the 
stope will therefore be meaningless. 

Efect of mining rate 
One strategy which may indeed be useful to control 

the stability of the fracture zone in the South African 
gold mining industry is the rate of stope face advance. 
A statistical analysis by Cook et al. [l] indicated an 
increase in rockbursts for a face advance rate of more 
than 4 m a month for small abutments and 8 m a month 
for large abutments. The mechanistic interpretation of 
these results was not investigated due to the lack of an 
appropriate constitutive representation of the time- 
dependent fracture zone processes in deep hard rock 
mines. As the viscoplastic discontinuity model developed 
above proved successful in simulating the observed 
time-dependent rock behaviour, it was subsequently 
used to investigate the effect of mining rate on seismic 
energy release. 

A series of mining advance rates was analysed for 
a parallel-sided stope panel by specifying different 
numbers of time steps between each mining step. 
Figure 10(a) shows a cumulative plot of seismic energy 
released as a function of the mined length for three 
different face advance rates of 2 m/day, 1 m/day and 

40 

0 5 10 15 20 25 
time altar blast (houn) 

Fig. 8. Cumulative fracture length after blasting. The rate of seismic&y after blasts are also plotted showing similar trends. 
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Table I. General characteristics of the sites [3] 
Bedding 

Site 
No. 
1 
2 
3 
4 
5 

6 

Elevation Line of maximum slope Number 
Method Depth seam of useful 

F.I. or H.F. Gallery Cm) 6-d dip (7 azimuth tests Date 
F.J. T.B. 90 
F.J. T.B. 90 ;z 

60 6 N 305 8 Nov. 1980 
150 I N 000 5 Dec. 1980 

F.J. T.B. 33 700 - 10 9 N 270 6 Nov. 1979 
F.J. T.B. 235 550 50 9 N 250 10 May 1980 
H.J. roadway 25 700 - 10 7 N 245 0 May 1986 

Etoile - 25 
H.F. roadwav 75b 900 - 10 10 N300 6 June 1986 

7 H.F. 

8 H.F. 

9 H.F. 

10 H.F. 

11 H.F. 

Etoile sud 
roadway 83 
Estaque nord 
roadway 19 
Eguilles 
roadway 59 
Estaque sud 
intersect 60-59 
Estaque sud 

Arbois 

1030 

1140 

1200 

1130 

1260 

- 25 
- 15 IO N 280 5 Apr. 1987 
- 30 
- 13 9 N 280 4 Nov. 1990 
- 25 
- 10 17 N 292 6 June 1992 
- 28 
- 12 16 N 283 6 Oct. 1992 
- 34 
- 10 7 N 280 4 Nov. 1993 
- 28 

F.J.: flat jack; H.F.: hydraulic fracturing. 

Table 2 summarises the magnitudes and orientations 
of the principal stresses measured at each site [3]. The 
vertical stress is significantly smaller than the theoretical 
value calculated on the basis of the weight of 
overburden. Moreover, the ratio between the vertical 
stress (av) and the weight of overburden ranges from 
0.40 to 0.87. The stress measurements show that the 
major principal stress (0,) is always horizontal and 
corresponds to the maximum horizontal stress. The 
stress cl is two-four times larger than the minor 
principal stress (rrj) which is almost equal to the 
minimum horizontal stress, whereas the intermediate 
principal stress is vertical (bv = a*) except for sites 6 
and 8. 

From these measurements, a strong stress anisotropy 
and high stress level were also observed, and two distinct 
stress areas can be distinguished: one regrouping sites 7, 
8, 10 and 11 corresponding to a horizontal compression 
which is clearly anisotropic with an east-west towards 
north east-south west direction (this direction remains 
identical to those found in the other sites located more 
eastward: 3 and 4) and the other regrouping sites 6 and 
9 for which the stress state is approximately isotropic [3]. 

Especially for site 9, the major, minor and intermediate 
principal stress values are respectively 22, 18 and 
20 MPa; the major principal stress direction (N170”E) is 
close to that of the north-south regional compression. 

Generally speaking, the principal stress magnitudes 
and orientations vary non-uniformly from one site to 
another. It should be noted that the stress heterogenei- 
ties are characteristic of the sedimentary series due to 
differences in the mechanical characteristics from one 
bed to another [7-91. Except for site 9, the orientation 
of the major principal stress (a,) varies between N4O”E 
and N104”E. 

3. NUMERICAL MODELLING 

Numerical modelling is of great importance in geology 
for understanding displacement, stress and strain 
phenomena, and even fault formation [IO-171. The 
numerical models used are large scale models, based on 
between 10 and several hundred kilometres. 

The modelling that we undertake must be viewed in 
this general framework. It consists of explaining the 
stress distribution in the Arc syncline. 

Site 
no. 

Table 2. Natural stresses obtained from in situ measurements [3] 
Magnitude Direction 

Ratio 
UI u2 63 Ul u2 01 uv/y*h 

1 8 8 7 N 135 V N 45 0.82 
2 6.5 6.5 3 N 135 V N 45 0.64 
3 16 7 2.5 N 115 V N 25 0.39 
4 19 10 5 N60 V N 150 0.71 
6 40 17 12 N150 N60 V 0.53 
7 32 19 16 N 70 V N 160 0.73 
8 31 23 20 N104 N 14 V 0.80 
9 20 18 N 170 V N 80 0.67 
10 

ii 
N40 V N 130 0.71 

11 34 N 100 V N 10 0.87 
V: vertical direction; y*h: the theoretical stress calculated (where y = 0.025 MN/m” is 

the unit weight of the rock and h is the depth beneath the surface). 
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Fig. 11. (a) Incremental seismic energy release. (b) Incremental mobilized fracture length. 

1 m/2 days. The nominal mining depth is 2200 m with Figure 11(a) shows the incremental seismic energy 
a vertical primitive stress of 60 MPa at the mining release within each time step as mining proceeds at 
horizon. The horizontal primitive stress is assumed to be an advance rate of 1 m/day. The release pattern is 
30 MPa at this position. To help the reader estimate contrasted for two mining depths of nominally 
typical runtimes, the 2 m/day solution took nearly 5 h 2200 m (60 MPa) and 3700 m (100 MPa), respectively. 
on a 200 MHz Pentium computer. Up to a face advance Figure 11(a) shows clearly that most seismic energy is 
of 16 m there appears to be little difference in the seismic released immediately after each sudden advance of the 
energy release in each case. After this point, the highest mining face. Additional seismic activity is seen to occur 
mining rate (2 m/day) is seen to release significantly at a generally decreasing rate before the next face 
more energy. At the same time it is of great interest advance step. This corresponds qualitatively to the very 
to examine the cumulative length of mobilized well known pattern of seismic activity that is observed 
fractures shown in Fig. 10(b). Here, it is apparent in deep level gold mines between each blast cycle [I]. 
that at mining distances greater than 14 m, more Figure 1 l(a) also indicates that greater levels of seismic 
fractures are mobilized at the slower mining rate. activity occur at the greater depth. In some cases, 
Significantly, it can be seen that when the mining has secondary peaks can be observed between face advance 
advanced to 28 m, approximately 20% more fractures cycles. It is also of interest to note that following an 
are mobilized if the slowest rate of 1 m/2 days is initial trend of increasing energy release peaks in the 
pursued as compared to the mining rate of 1 m/day, first seven days, successive peak values become more 
although, from Fig. 10(a), there is little difference in random. The corresponding mobilized fracture length in 
the cumulative released energy. This illustrates the each time step is shown in Fig. 1 l(b) for the two mining 
important point that while slow mining may lead to a depths. The successive peak values are more irregular 
smaller cumulative release of seismic energy, more than the energy release peaks. It can be seen from 
damage or slip movements may arise in the rockmass Fig. 1 l(b) that more fractures are mobilized at the 
which in turn may lead to local support difficulties in increased depth. More extensive simulation studies are 
terms of rock falls and shake out. required to determine the fracture extent for a wide 
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span stope once total closure of the mined region 
occurs. 

CONCLUSIONS 

A framework has been presented for the solution of 
interacting crack assemblies in which a discontinuum 
viscoplastic formation is used to control the rate of slip 
on individual cracks. It is shown that this approach is 
able to reproduce intricate material behaviour such as 
primary, secondary and tertiary creep effects when the 
rock fabric is represented by a set of interacting cracks 
which are specified on a random mesh. When applied 
to mining problems, favourable agreement is found 
between observed numbers of seismic events following 
actual face advances and the cumulative length of 
fractures that are mobilized in a simulated stope panel 
embedded in a random mesh of discontinuities. In 
addition, the numerically computed time-dependent 
closure, at a given point in the stope panel, follows 
the same qualitative trend as the actual observations 
of the stope closure. 

The computation of strain energy release in a 
population of interacting discontinuities is described and 
is determined as a function of time for a parallel- 
sided mine panel which is enlarged at three different 
rates. This demonstrates that a balance must be struck 
between higher energy release rates (potentially damag- 
ing rockbursts) at high face advance rates and greater 
deformation of the rockmass, with greater potential for 
local rockfalls, at slower mining rates. 

In general, it is suggested that the analysis procedure 
described in the paper provides a useful framework for 
the explicit mechanistic representation of time depen- 
dent seismic diffusion and stress transfer processes that 
are observed in deep level mines. The basis for the 
approach depends on the specification of potentially 
active cracks in the rockmass which are, for conven- 
ience, disposed on the arcs of a random mesh. This 
structure can, however, be readily adapted to include 
discontinuities which are aligned with known lineations 
in the rockmass such as joint sets or bedding and 
parting planes, and to represent geological structures 
such as faults or dykes. The solution method outlined 
in the paper is based on the use of small strain 
displacement discontinuities, although any numerical 
procedure capable of analysing large scale interacting 
discontinuities can be used for this purpose. However, 
an important challenge is to consider the extension of 
the method to three dimensions for the effective analysis 
of regional mine layout problems. 
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APPENDIX A 

Let u,(y,z) and rr(y, z) designate the components of the 
displacement vector and the stress tensor, respectively, at point P(y, z) 
due to a single displacement discontinuity element located between 
y = -b and y = b of the local y-z co-ordinate system shown in Fig. 1. 

Let the displacement discontinuity vector have components D,(q) at 
point Q(n, 0) within the element. For a nth order polynomial variation 
of the components O&l) assume that 

where i = y or z and aa are constants. Define the k’” order harmonic 
potential integral Zk(y, z) as 

MY, z) = 
s 

se ‘PI” dtl 
-b 

where 

$2 = -log[(y - r/)2 + 22). 

Generalizing the results of Crouch and Statfield [19], 
be shown that the displacement vector components at 
are given by 

642) 

(A3) 

it can 
4YP 4 

[ 1 UJ(Y,Z) = 
U>(Y, z) 

(A4) 

where II,,. designates a&lay, etc. and v is the Poisson’s ratio of the 
material. The components of the stress tensor are given by 

where G is the shear modulus of the material. In the case of 
linear variation elements, n = 1, and the required harmonic 
potential integrals defined by equation (A2) are as follows. b 

Zo(Y I z) = s cp dq = C e[B log R* - 28 - 22 tan-‘(z/B)1 (A61 
-b <=.-I,, 

and 

IICY, z) = cpq dn = c 
<s-1,1 

e[(yB - ; R’)log R’ - 2yB 

+ i B* - 2yz tan-‘(z/B)] (A7) 

wherec= -1 and tl; B=y-tband R2=B2+zZ. 
When n = 1, the coefficients in equation (Al) can be determined 

from 

am = i [L&(C) + D,( - C)] W) 

1 ail = 5 [D,(c) - Di( - c)] (A9) 

where c is a chosen collocation position within the displacement 
discontinuity element. The total stress at point P(y, z) is obtained by 
adding the primitive field stress to the stress tensor components, 
calculated using equations (AS). For a general variation of the 
discontinuity density components O,(q), the second member of 
equation (A5) can be written for the particular case z = 0, in the 
following form 

G - MY9 0) = 4n(1 _ v) cp.,(q, O)q,h) dq. (AI’3 

APPENDIX B 

Consider a body of volume Vwith external surface S. and containing 
internal discontinuities or cuts which are defined by adjacent surfaces 
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S$ and ST occupying the same spatial positions initially of a common 
surface Sd [42]. The overall surface of the body, S, is therefore defined 
to be 

s=s.+s,‘+s,-. 031) 

The plus and minus superscripts are defined with respect to an 
assigned normal to the surface Sd having components n,. The 
components of the outward normals to the surfaces S,’ and ST 
are therefore given by 

and 

n: = -n, 032) 

n; = n,. (B3) 

Consider the transition between two states p and t which are associated 
with equilibrated stress and displacement fields a(Q), r&‘(Q) and 
r;(Q), u:(Q), respectively, at each point Q of the body. In each case 
the body force field components fi(Q) remain the same. Define AW, 
to be the incremental work done by the loading forces 8(Q) and by 
tractions which change from i? to r: on the external surface S,. Then 

AWL = 
s ” 

F,(Q)Au,(Q) dvc + ; [rP(Q) + V(Q)]AUi(Q) dSc (B4) 
s se 

where V designates the volume of the body, and where 

As(Q) = u:(Q) - Up(Q) (B5) 

The volume integral over V in equation (B6) can be expressed in terms 
of surface integrals, by applying the reciprocal work theorem to the 
equilibrated state fi, r$, uf and the incremental state A7#, Aui [43]. This 
results in the expression 

s 
E(Q)Au,(Q) dv, = [AT,(QM'(Q) - WQ)WQll d& + Y s & 

s [Ar,(QVWQ) - WQWVQII d& WI 
Sd 

where 

AT,(Q) = T:(Q) - P(Q) (B7) 
and where 

D,(Q) = U;(Q) - U:(Q) w 
as defined by equation (1). The integral over the discontinuity surface 

Sd is resolved using equations (B2) and (B3). For example, 

s 
Ac(Q dSQ = 

s 
AT: (Q)n: (Q)lr: (Q) dSc 

s$+s; so’ 

+ s 4 (QP; (PM (Q) dSQ 
si 

= AT,(Q)oi(Q) dSp. c 
JSd 

Substituting equation (B6) into (B4) yields 

AWL = AWLC + 
s 

[T:(Q)&“(Q) - T?(QW:(QII dSc (B9) 
& 

where 

AW,=; 
f 

D-:(Q) - WQ,lW(Q) + u:(Q)1 d.%. @IO) 
St 

A Wk represents the effect of the external surface S, on the incremental 
work of the loading forces. In mining problems S, can be considered 
to comprise both the earths surface, where the tractions are zero, and 
a remote surface where the tractions are fixed (T: = rp) or where the 
displacement is zero. In this case A W, will be zero. Since the p and 
t states are assumed to be equilibrated, the change in strain energy AU 
can be determined from Clapeyron’s theorem [44,45]. Using the 
surface partition defined by equation (BI) and employing equation 
(B6) to eliminate the work done by the body forces, Clapeyron’s 
theorem yields 

AU = AWL + ; 
s 

[T:(Q) - P(Q)] [D!(Q) + D:(Q)] d&. (B11) 
Sd 

The kinetic and dissipated energy AWA is equal to 

AWA = AWL - AU. @W 

Substituting equations (B4) and (Bll) into equation (B12), it is 
possible to express AWA as follows 

AWA = - ; 
s 

K:(Q) + WQ)][D:(Q) - D!(Q)] d&. (B13) 
% 


